The mathematical concept of a set can be used as the foundations for mathematics. An approach to the definition of natural numbers in set theory is to introduce the 'axiom of infinity'. Then the set ω is defined and a set S is, by definition, a natural number if and only if set S belongs to set ω.
Another approach to the definition of natural numbers in set theory is to introduce ordinal numbers. Then a set S is, by definition, a natural number if and only if set S is a special ordinal number.
For the foundations of mathematics we prefer a straightforward definition of natural numbers, that is without first introducing ordinal numbers and without introducing the totality ω of all natural numbers. We do not support the Platonist view that the totality of all natural numbers 'is given'.
In this article we present an axiomatic definition of sets with individuals and a predicative definition of the natural numbers. Some but not all axioms of the 'standard set theory' ZF are used. We postulate the 'union of all natural numbers'. Proposed is a definition of 'transfinite ordinal numbers'.
What is a set?
At an early age you develop the idea of 'what is a set'. You belong to a family or a clan, you belong to the inhabitants of a village or a particular region. Experience shows there are objects which together constitute a set. A set can be a member of a set thus a set is an object. An object which is not a set is an 'individual'. Individuals are found in physical reality.
Experience shows an object is 'equal to' or 'is not equal to' another object. The relation 'is equal to' is reflexive, symmetric and transitive. The relation 'is not equal to' is symmetric. For individuals the relation equality is given outside set theory in physical reality but is not known within set theory. Thus equality has to be defined in set theory.
The axioms of set theory
Objects are indicated by p, q, r, s, t, . . . or by capital letters. There is an undefined symbol ∈ to read as 'is a member of' or as 'belongs to', and there is an undefined symbol / ∈ to read as 'is not a member of' or as 'belongs not to'. For every object s and every object t applies s ∈ t or s / ∈ t. The logical connectives are ∧, ∨, → and ↔. Indicated by ∃x is 'there is an object x', and ∀y denotes 'for every object y'. The parentheses ( and ) ensure consistency and improve the readability. We define equality for objects. Definition 1 Object s 'is equal to' object t is written as s = t and defined by s = t ↔ ∀u(u ∈ s ↔ u ∈ t). Object s 'is not equal to' object t is written as s = t and defined by
Thus the relation 'is equal to' is reflexive, symmetric and transitive, and the relation 'is not equal to' is symmetric. For every object s and every object t applies s = t or s = t. We use the following axioms:
• there is no 'logical connective =' thus
• the axiom of pairs: ∀s∀t∃v(∀u(u ∈ v → u = s ∨ u = t)),
• the union of an object: ∀s∃v(∀u(u ∈ v ↔ ∃z(u ∈ z ∧ z ∈ s))),
• the axiom of regularity:
• if Φ denotes a well formed formula with only u free in Φ then specification:
Definition 2 Object s 'is included in' object t is written as s ⊆ t and is defined by
The union of object s is denoted by s. Pairs with s, t is written as {s, t}. As usual {s} is short for {s, s}.
Definition 3 The 'union of object s and object t' is written as s ∪ t and is defined by s ∪ t = {s, t}. ✷
and {v} is not transitive. If p ∈ p and q ∈ q then {p, q} = {p, q} thus {p, q} is transitive. And if s is transitive then also s is transitive.
Some properties of objects are:
Theorem 1 If a set belongs to a transitive set s then a set of individuals is a member of s.
Proof. Apply the axiom of regularity to s to find
✷
If set s is transitive and ∀z(z ∈ s ∧ z ∈ z → z ∈ {p, q}) then the only possible set of individuals is {p, q} therefore {p, q} ∈ s ∪ {s}. This completes the set theory used to define natural numbers.
Definition of the natural numbers
Natural numbers are characterized by five axioms formulated by G. Peano:
• there is a first natural number,
• every natural number has as successor a natural number,
• the first natural number is not the successor of a natural number,
• if both successors of a pair of natural numbers are equal then both natural numbers are equal,
• the principle of mathematical induction.
Definition 5 Set S 'is a natural number', in short 'is a number', if and only if ∀z(z ∈ S ∧ z ∈ z → z ∈ {p, q}) and for every object X and for every object Y X ∈ S → X ∪ {X} ∈ S ∪ {S},
The 'successor' of S is S ∪ {S}. ✷ Set {p, q} satisfies the definition of a number and is 'the first natural number', in short 'the first number'. By 'number' is henceforth meant a number with individuals p and q. Some properties of a number S are:
• the only possible set of individuals is {p, q} thus {p, q} ∈ S ∪ {S}.
Theorem 2 The successor T = S ∪ {S} of number S is a number.
Proof. If z ∈ T ∧ z ∈ z then z ∈ S therefore z ∈ {p, q}. The next requirement for T to be a number is
The last requirement for T to be a number is
✷
Four of the five Peano axioms characterizing natural numbers are satisfied:
• there is the first number {p, q},
• every number has as successor a number,
• if {p, q} = X ∪ {X} then {p, q} = X therefore X = {p, q} and {p, q} = {p, q} ∪ {{p, q}}, this is contradictory to {p, q} = {p, q, {p, q}} thus the first number is not the successor of a number,
• if S and U are numbers and S ∪ {S} = U ∪ {U} then (S ∪ {S}) = S and (U ∪ {U}) = U thus S = U therefore if both successors of a pair of numbers are equal then both numbers are equal.
Theorem 3 If S is a number then X ∈ S ∧ X / ∈ X → (X is a number).
Proof. Assume X ∈ S ∧ X / ∈ X and X is not a number. Use specification to define set V by z ∈ V ↔ z ∈ S ∧ z / ∈ z ∧ (z is not a number). Then set X ∈ V and X = {p, q}. Apply regularity to V to find set w ∈ V such that ∀u(u ∈ V ∧ u / ∈ u → u / ∈ w). Set w is not a number thus w = {p, q} and (w ∈ S → w = w ∪ { w}). Also w / ∈ w and w is not a number otherwise the successor w of w is a number. Then w ∈ S and w is not a number thus w ∈ V . But w ∈ w. This is contradictory to ∀u(u ∈ V ∧ u / ∈ u → u / ∈ w). Therefore the assumption is not correct thus X is a number.

Theorem 4 If S and T are numbers then S ∈ T ∨ S = T ∨ T ∈ S.
Proof. If S = T or if S is the first number or if T is the first number then the theorem is correct. Thus we suppose S = T and to S belongs a number and to T belongs a number. If S = T then there is a number Y ∈ S and Y / ∈ T , or there is a number Y ∈ T and Y / ∈ S. Suppose Y ∈ S and Y / ∈ T . Assume T / ∈ S. Number T is not the first number thus T ∈ T . Then T / ∈ S otherwise applies to the successor T of T that T ∈ S ∨ T = S, contradictory to T / ∈ S or to T = S. Use specification to define set V ⊆ T by X ∈ V ↔ X ∈ T ∧ X / ∈ X ∧ X / ∈ S. Then number T is a member of V but the first number belongs not to V . Every set belonging to V is a member of T thus is a number. Apply regularity to V to find set Z ∈ V such that ∀u(u ∈ V ∧ u / ∈ u → u / ∈ Z). Thus no number belonging to V is a member of Z. The number Z ∈ V and Z ∈ T and Z / ∈ S. But then also Z / ∈ S otherwise applies to the successor Z of Z that Z ∈ S ∨Z = S contradictory to Z / ∈ S; and if Z = S then follows with Z ∈ T that S ∈ T , and with Y ∈ S follows Y ∈ T contradictory to Y / ∈ T . But Z is not the first number thus Z ∈ Z. Therefore Z ∈ T and thus Z ∈ V . This is contradictory to no number belonging to V is a member of Z. Thus the assumption T / ∈ S is not correct therefore T ∈ S.
In a similar manner follows Y ∈ T ∧ Y / ∈ S → S ∈ T .
✷ Definition 6 If every set belonging to V is a number then 'w is the smallest number' belonging to V if set w ∈ V ∧ ∀u(u ∈ V ∧ u / ∈ u → u / ∈ w). And 'z is the greatest number' belonging to V if z ∈ V ∧ ∀u(u ∈ V → z / ∈ u). ✷ If a number belongs to V and every set belonging to V is a number then apply regularity to V to find set w ∈ V such that ∀u(u ∈ V ∧ u / ∈ u → u / ∈ w). Therefore w is the smallest number belonging to V . If number S is not the first number then S ∈ S thus for every u ∈ S is number S / ∈ u therefore S is the greatest number belonging to S.
Theorem 5 If a number belongs to V and V ⊆ S and S is a number then V is the greatest number belonging to V .
Proof. Use specification to define set Z by X ∈ Z ↔ X ∈ S ∪ {S} ∧ V ⊆ X. Then S ∈ Z and every set belonging to Z is a number. Therefore there is a smallest number W ∈ Z and W ∈ S ∪ {S} ∧ V ⊆ W . To V belongs a number thus to W belongs a number therefore W is not the first number thus W ∈ W and W ∈ S ∪ {S}. But W is the smallest number belonging to Z therefore ∃w(w ∈ V ∧ w / ∈ W ). Then W ∈ w or W = w. But w ∈ V thus w ∈ W therefore W / ∈ w thus W = w and
Therefore V is a number and V ∈ V . For every u ∈ V is V / ∈ u thus V is the greatest number belonging to V .
✷ 4 Arithmetic of the natural numbers
In this section a, b, k and x are numbers. The first number is denoted by 1.
Definition 7 If number a belongs to number b then a 'is less than' b, written as a < b. And b 'is greater than' a, written as b > a, if a < b. ✷
The first number is less than every other number. But there is no 'greatest' number: if a is a number then a belongs to the successor of a. The 'law of trichotomy' for natural numbers reads if a and b are natural numbers then a < b ∨ a = b ∨ b < a. We define addition a + b and multiplication a · b for numbers. As usual multiplication precedes addition.
Definition 8 Proof. If b = 1 then a + b = a ∪ {a} thus a + b is a number. If b > 1 and x < b then a + (x + 1) = (a + (x + 1)) + 1, and (x + 1) = x therefore a + (x + 1) = (a + x) + 1. If a + x is a number then (a + x) + 1 is a number and so is a + (x + 1). is a number) ). Then 1 belongs to V and V ⊆ b therefore k = V is the greatest number belonging to V . And
Thus k + 1 = b and a + b is a number.
✷
The theorem is proved using the 'principle of mathematical induction'. To prove a theorem about number b using this principle:
• prove the theorem is correct if b is the first number,
• prove if the theorem is correct for x < b then the theorem is correct for the successor of x,
• prove the greatest number belonging to V is b,
• conclude the theorem is correct for b.
The last of the Peano axioms characterizing natural numbers is satisfied. Starting with a proof that a · b is a number and that 1 + b = b + 1 all the basic arithmetic properties of addition and multiplication are proved using the principle of mathematical induction.
Transfinite ordinal numbers
There is no greatest natural number. If S is a natural number and S = {p, q} then S is the greatest natural number belonging to S. If the union of all natural numbers is a set ω then there is no greatest natural number belonging to ω. Therefore ω is not a natural number. We postulate the set ω exists ∃ω∀S(S ∈ ω ↔ S ∈ {p, q} ∨ (S is a natural number)).
Then ω = ω thus ω is transitive. If S is a natural number then the first number is a member of S ∪ {S}. Natural numbers are also called 'finite ordinal numbers'.
Definition 9 Set V 'is a transfinite ordinal number' if and only if set ω is a member of V ∪ {V } and for every object X and for every object Y
Set ω satisfies the definition of a transfinite ordinal number and is also called 'the first transfinite limit ordinal'. The definitions and theorems applied to the natural numbers with first number {p, q} apply analogous to the transfinite ordinal numbers with first number ω. Therefore the transfinite ordinal number arithmetic with first number ω satifies the Peano axioms. However, if the first number is 1 the arithmetic of natural numbers and transfinite ordinal numbers used mixed up differs from the Peano arithmetic. If α > ω then there is a natural number a with α = ω + a but a + ω = ω + a.
And, there is no 'greatest' transfinite ordinal number. Therefore we can postulate the 'next transfinite limit ordinal' ω2 and define the 'next series of transfinite ordinal numbers'. We use ω2 and not ω · 2 because the notation ω · 2 suggests the set ω · 2 is the result of some ordinal arithmetic. But that is not the case, the set is postulated. In this approach for every natural number is a transfinite limit ordinal available. But the transfinite limit ordinals are not 'given'. Every transfinite limit ordinal has to be postulated.
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